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Abstract
An explicit counterexample shows that contrary to the situation in the
special Colombeau algebra, positivity and invertibility cannot be charac-
terized pointwise in algebras of tempered generalized functions. Further
a point value characterization of the latter is refined.
1 Introduction
Let d ≥ 1 and suppose a non-empty open subset Ω of Rd is given. We denote
by Gτ (Ω) the algebra of tempered generalized functions on Ω. It has been
established in [5] that Gτ (Ω) admits a point-value characterization whenever
Ω is a box. It has further been shown that there exist open sets Ω ⊂ Rd with
infinitely connected components, such that elements of Gτ (Ω) are not determined
by evaluation at moderate generalized points. Aim of this note is to discuss the
question whether in algebras Gτ that admit a point-value characterization, a
point-value characterization of invertibility can be given. For an introduction
to generalized function algebras as introduced by Colombeau, Rosinger, Egorov
and others, we refer to the standard reference [1].
2 Preliminaries
Let Ω be a non-empty open subset of Rd. We work in the Colombeau algebra
of tempered generalized functions on Ω given by the quotient
Gτ (Ω) := EM,τ (Ω)/Nτ (Ω),
where the ring of tempered moderate nets of smooth functions is given by
EM,τ (Ω) := {(uε)ε ∈ C
∞(Ω)(0,1] | ∃N : sup
x∈Ω
|uε(x)| = O(ε
−N (1 + |x|)N ))}
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whereas the ideal of tempered negligible functions is given by
Nτ (Ω) := {(uε)ε ∈ C
∞(Ω)(0,1] | ∃N ∀ p : sup
x∈Ω
|uε(x)| = O(ε
p(1 + |x|)N ))}.
The latter is an ideal in EM,τ (Ω).
Moderate generalized points in Ω are given by
Ω˜ := ΩM/ ∼
with
ΩM := {(xε)ε ∈ Ω
(0,1] | ∃N : |xε| = O(ε
−N )}
and ∼ is the equivalence relation on ΩM defined by
(xε)ε ∼ (yε)ε ⇔ ∀ p ≥ 0 : |xε − yε| = O(ε
p), (ε→ 0).
Tempered generalized functions can be evaluated on moderate generalized points,
that is given u ∈ Gτ (Ω) and x˜ ∈ Ω˜, with representatives (uε)ε and (xε)ε respec-
tively, (uε(xε)) + Nτ (Ω) yields a well defined element of R˜. The following is
established in [5]:
Theorem 2.1. Let Ω ⊆ Rd be an open box. Let u ∈ Gτ (Ω). The following are
equivalent:
(i) u = 0 in Gτ (Ω),
(ii) For all x˜ ∈ Ω˜ we have u(x˜) = 0 in R˜.
Finally, we shall need the notion of positivity and strictly non-negativity of
generalized numbers. For a new characterization of these properties we refer to
[2].
Definition 2.2. x ∈ R˜ is called strictly non-zero (resp. strictly positive), if for
each representative (xε)ε of x we have
(∃m ≥ 0)(∃ε0 ∈ (0, 1])(∀ε < ε0, |xε| > ε
m(resp. xε > ε
m)).
Motivation of the paper
It is well known that in the special algebra Gs(Ω) based on an arbitrary open
set Ω ⊂ Rd, generalized functions not only are uniquely determined by eval-
uation on so-called compactly supported generalized points, but also a point
value characterization of invertibility as well as positivity is available ([2, 5]).
Algebras of tempered generalized functions, Gτ (Ω), however, not always admit
a point value characterization. However, even if they do (see above Theorem
2.1), invertibility has not yet been understood pointwise. This open problem is
discussed in the following section and a negative answer is given for open boxes
Ω in Rd.
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3 Point-wise invertibility in Gτ
To start with we state the basic lemma:
Lemma 3.1. Let m ∈ R. The map sm : Gτ (Rd)→ Gτ (Rd) given by
u 7→ uε(ε
mx) +Nτ (R
d)
is well defined. Furthermore, sm is an algebra isomorphism for each m.
Theorem 3.2. Let u ∈ Gτ (Ω). The following are equivalent:
(i) For all x˜ ∈ Ω˜, u(x˜) is invertible.
(ii) For each m ≥ 0, sm(u) is strictly non-zero on the unit ball, that is, for
each m ≥ 0 there exists N(m) ≥ 0 such that
inf
|x|≤1
|uε(ε
mx)| ≥ εN(m)
for sufficiently small ε.
Hence we have translated point-wise invertibility of u into a countable num-
ber of local conditions of tempered generalized functions derived from u, namely
of sm(u), m ∈ N0. The following section is dedicated to showing that these local
conditions indeed do not suffice to guarantee invertibility of u in Gτ (Rd).
4 Global invertibility cannot be characterized
point-wise
We begin by characterizing invertibility of generalized functions by evaluation
at generalized points for bounded domains Ω.
Lemma 4.1. Let Ω ⊂ Rd be a bounded box, u ∈ Gτ (Ω). The following are
equivalent:
(i) u is invertible in u ∈ Gτ (Ω),
(ii) For all x˜ ∈ Ω˜, u(x˜) is invertible.
Proof. (i)⇒(ii) is evident. To show (ii)⇒(i), we observe first that Ω˜ = Ω˜, since
Ω is bounded. Assume, by contradiction that u is not invertible. Let (uε)ε
be a representative of u. Since u is not invertible, uε cannot be bounded from
below by a fixed power of ε. Hence, there exists (xk)k ∈ ΩN0 and εk → 0 such
that |uεk(xk)| < ε
k
k. Define a generalized point x˜ via its net (xε)ε by xε := xk
whenever ε ∈ (εk, εk−1], k ≥ 1. Then u(x˜) is not invertible in R˜, since it is not
strictly non-zero. This contradicts (ii) and we are done.
The main aim of this section is to show:
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Theorem 4.2. Gτ (Rd) does not admit a point value characterization of in-
vertibility: there exist non-invertible functions u ∈ Gτ (Rd) such that u(x˜) is
invertible for all x˜ ∈ Ω˜.
Before we provide a proof of this statement, we investigate the underlying
counterexample:
Proposition 4.3. Let σ ∈ C∞(Rd) be a function such that 1− σ is a cutoff at
x = 0, σ = 1 on |x| ≤ 1/2 and σ = 0 on |x| ≥ 1. For each (x, ε) ∈ Rd × (0, 1]
define
uε(x) := (1− σ(x))gε(x) + σ(x),
with gε(x) := ε
(log
ε
(|x|))2. Then we have the following:
(i) (uε)ε is moderate, that is, (uε)ε ∈ EM,τ (Rd).
(ii) (uε)ε /∈ Nτ (Rd).
(iii) (uε)ε is strictly non-zero for all x in |x| < ε−j for j = 0, 1, 2, . . . , more
precisely, the following three estimates hold
(∀ε 6= 1)(∀j ≥ 0)(∀x : ε−j ≤ |x| < ε−j−1)(ε(j+1)
2
< |uε(x)| = uε(x) ≤ ε
j2),
(4.1)
(∀ε > 0)(∀x, |x| ≤ 1/2)(uε(x) = 1), (4.2)
(∀ε < 1/2)(∀x, 1/2 ≤ |x| ≤ 1)(1 ≤ gε(x) < 2, 1 ≤ uε(x) < 3). (4.3)
Proof. First, it is clear that gε is smooth away from zero, hence uε ∈ C∞(Rd)
for each ε ∈ (0, 1]. We start by proving (ii): For j ≥ 0 we define x
(j)
ε := ε−j .
We have gε(x
(j)
ε ) = εj
2
, hence uε /∈ Nτ (Rd). Proof of (iii): First, we show (4.1).
Let j ≥ 0, then we have whenever 0 < ε < 1
(4.4)
ε−j ≤ |x| < ε−j−1 ⇒ −j log ε ≤ log(|x|) < −(j + 1) log ε
⇒ j ≤
log(|x|)
− log ε
= − logε(|x|) < j + 1⇒ j
2 ≤ (logε(|x|))
2 < (j + 1)2
⇒ ε(j+1)
2
< gε(x) = uε(x) ≤ ε
j2 .
And the last equality holds because |x| > 1 for ε 6= 1. Estimate (4.2) follows
directly from the choice of the cutoff function 1−σ. To see (4.3), we check that
following implications hold for ε < 1/2:
(4.5)
1/2 ≤ |x| ≤ 1⇒ − log 2 < log(|x|) ≤ 0⇒
log 2
log ε
< −
log(|x|)
log ε
≤ 0
⇒ −
(
log 2
log ε
) 1
2
< −
log(|x|)
log ε
≤ 0⇒ 1 ≤ gε(x) < 2⇒ 1 ≤ uε(x) < 3.
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Thus we have finished the proof of (iii). Finally, we are prepared to show (i).
To prove that (uε)ε is moderate, it suffices to establish moderate estimates of
the latter for |x| ≥ 1/2 only, because uε(x) = 1 on |x| ≤ 1/2 according to (4.2).
• We start with the zero-order erstimates. By (4.1)–(4.3), we have for all
ε < 1/2 and for all x ∈ Rd, 0 < uε(x) < 3.
• Derivatives of first order: Let i = 1, . . . , d. For |x| ≥ 1/2 one has
∂igε(x) = 2gε(x)
xi log(|x|)
|x|2 log ε
Since |gε(x)| < 2, and |x| ≥ 1/2 we therefore have for sufficiently small ε,
|∂igε(x)| ≤ 16xi
log(|x|)
log ε
< 16(1 + |x|)2ε−2,
so we have derived moderate bounds for the first derivative.
• Estimates for higher order derivatives can be obtained similarly.
Proof of Theorem 4.2. We use (uε)ε as defined in the preceding statement, Propo-
sition 4.3. According to the latter, u := [(uε)ε] is a well defined element of
Gτ (Rd). Assume now u is invertible, that is there exists (vε)ε ∈ EM,τ (Rd) such
that for some N ≥ 0,
|vε(x)| ≤ ε
−N (1 + |x|)N (4.6)
for sufficiently small ε and that
uε(x)vε(x) = 1 + nε(x) (4.7)
for some (nε)ε ∈ Nτ (R
d). By construction of uε, we have for each j ≥ 0,
uε(ε
−j) = εj
2
. Hence by (4.7) and (4.6) we have
|uε(ε
−j)vε(ε
−j)| ≤ εj
2−N (1 + ε−j)N ≤ εj
2−N(1+2j). (4.8)
Since j is arbitrary, we may set j = 3N + 1, then
|uε(ε
−j)vε(ε
−j)| ≤ ε1. (4.9)
However, this contradicts (4.7), because by negligibility of (nε)ε we have
|nε(ε−(3N+1))| = O(εp) for all p ≥ 0. Therefore u is not invertible and we are
done.
As a consequence of Lemma 4.1 and Theorem 4.2 we have the following:
Corollary 4.4. Let Ω ⊆ Rd be a box. The following are equivalent:
(i) Invertiblity can be characerized pointwise in Gτ (Ω).
5
(ii) Ω is a bounded.
Proof. Since the proof of (ii)⇒(i) is provided by Lemma 4.1, we only need to
show the converse direction. If Ω = Rd, then this is a consequence of Theorem
4.2. Assume therefore Ω 6= Rd. By a permutation of variables and a translation
x1 7→ x1+t for some t or a possible reflexion x1 7→ −x1, we may assume without
loss of generality that Ω = (0,∞)×Ω′ with Ω ⊆ Rd−1. Let 1− σ ∈ D(R1) such
that σ = 0 on x ≥ 1 and σ = 1 for x ≤ 1/2. Define similarly to Theorem
4.2, for x > 0, u
(1)
ε (x) = (1 − σ(x))ε(logε(x))
2
+ σ(x) and let uε(x1, . . . , xn) :=
u
(1)
ε (x1). Hence, when |x| < ε−j , then evidently x1 < ε−j , hence by Theorem
4.2, uε(x) > ε
j2 . Hence, for all x˜ ∈ Ω˜, u(x˜) is strictly positive, hence invertible.
One can further show that u cannot be invertible by following the lines of the
proof of Theorem 4.2.
5 Point-values in Gτ (Ω)
Aim of this section is to answer the following question raised by Stevan Pilipovic´:
”Can elements of Gτ (Ω) uniquely be determined merely by evaluation at gener-
alized points with strict positive distance to the boundary ∂Ω?”.
This question only makes sense in algebras which admit a point-value char-
acterization; this for instance is the case for open boxes in Rd (cf. Theorem 2.1).
Hence, we shall discuss this case here.
First we need some technical lemma in order to allow for a well defined
notion of ”distance of a generalized point x˜ to the boundary ∂Ω”.
Lemma 5.1. Let a1, . . . , am ∈ R˜ be given (m ≥ 1). Then
inf(a1, . . . , am) := (min(a
ε
1, . . . , a
ε
m))ε +N ,
where (aεi )ε (i = 1, . . . ,m) are representatives of ai (i = 1, . . . ,m), yields a
well-defined element of R˜.
Proof. Assume this is not the case, that is, there exist representatives (aε1)ε, . . . , (a
ε
m)ε
of a1, . . . , am and negligible nets of numbers (n
ε
1)ε, . . . , (n
ε
m)ε, a zero sequence
εk → 0 and an m ≥ 0 such that
(∀k)(|min(aεki ; i = 1, . . . ,m)−min(a
εk
i + n
εk
i ; i = 1, . . . ,m)| ≥ ε
m
k . (5.10)
Hence, by the pigeon hole principle, there exists an infinite subsequence kl,
l = 1, 2, . . . , as well as (i, j) ∈ {1, . . . ,m}2 such that
a
εk
l
i = min(a
εk
l
i ; i = 1, . . . ,m) (5.11)
as well as
a
εk
l
j + n
εk
l
j = min(a
εk
l
i + n
εk
l
i ; i = 1, . . . ,m). (5.12)
We distinguish the following two cases.
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• If i = j, then by (5.10), |a
εk
l
i − (a
εk
l
i + n
εk
l
i )| = |n
εk
l
i | = O(ε
p
kl
) (l → ∞)
for each p, hence this contradicts (5.10). Hence, the sequence kl cannot
be infinite, contradiction.
• If i 6= j, then by (5.10) for large l we even have, by the negligibility of nεi ,
|a
εk
l
i − a
εk
l
j | > ε
m
kl
/2. (5.13)
Because of (5.11) we have
a
εk
l
i ≤ a
εk
l
j .
Using further (5.13), the latter inequality yields
a
εk
l
i < a
εk
l
j − ε
m
kl
/2. (5.14)
Furthermore, by (5.12) we got
a
εk
l
j ≤ a
εk
l
i + n
εk
l
i − n
εk
l
j . (5.15)
Hence by using (5.14) and (5.15) and the negligibility of n
εk
l
i − n
εk
l
j , we
receive for arbitrary p ≥ 0 for sufficiently large l
a
εk
l
i + ε
m
kl
/2 < a
εk
l
j ≤ a
εk
l
i + n
εk
l
i − n
εk
l
j < ε
p
kl
.
This is a contradiction for p > m. Hence kl cannot be an infinite sequence.
This contradiction proves the claim.
Definition 5.2. Let Ω be a box in Rd, Ω 6= Rd. For x˜ ∈ Ω˜ we define the
distance of x˜ to the boundary by
d(x˜, ∂Ω) := (d(xε, ∂Ω))ε +N ,
where (xε)ε is an arbitrary representative of x.
Lemma 5.3. The distance function as given in Definition 5.2 is well-defined.
Proof. Let x˜ ∈ Ω˜ with representative (xε)ε be given. We can write Ω =
∏d
j=1 Ij
with Ij := (aj , bj), aj , bj ∈ R ∪ {−∞,∞}. Clearly for each ε we have
d(xε, ∂Ω) = min{|x
(j)
ε − aj |, |x
(j)
ε − bj|, aj , bj 6= ±∞}.
Hence, applying the preceding lemma to the the generalized numbers [(|x
(i)
ε −
ai|)ε], [(|x
(i)
ε − bi|)ε] for ai, bi 6= ±∞, we have the assertion.
Definition 5.4. Let x˜, y˜ ∈ R˜. We say x˜ is strictly smaller then y˜, if for all
representatives (xε)ε, (yε)ε there exists m such that yε−xε ≥ εm for sufficiently
small ε.
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Now we come to our main statement which answers S. Pilipovic’s question
for boxes:
Theorem 5.5. Let ∅ 6= Ω ( Rd be a box, u ∈ Gτ (Ω). The following are
equivalent:
(i) u = 0 in Gτ (Ω),
(ii) for all x˜ ∈ Ω˜ with d(x˜, ∂Ω) > 0 we have u(x˜) = 0 in R˜.
Proof. Since (i)⇒(ii) is clear, we only need to show the converse direction. Let
(uε)ε, (xε)ε be representatives of u and x˜. Let m > 0. Then we have
(∃ε0)(∀ε < ε)(∀i = 1, . . . , d)(∃δ
(i)
ε ∈ {−1, 1}) (5.16)
(for y(i)ε := x
(i)
ε + δ
(i)
ε ε
mei we have
yε ∈ Ω
and
d(yε, ∂Ω) > ε
m).
In terms of representatives, condition (ii) means
(∀p ≥ 0)(|uε(yε)| = O(ε
p), ε→ 0). (5.17)
Furthermore, by the mean value theorem,
(∀ε < ε0)(∃Θε ∈ (0, 1))(uε(yε)− uε(xε) =
d∑
i=1
{∂iuε(xε +Θε(yε − xε))}δ
(i)
ε ε
m).
(5.18)
Clearly, (zε)ε defined by zε := xε + Θε(yε − xε) has moderate growth, say
|zε| ≤ ε
−N ′ for some N ′ and sufficiently small ε. Furthermore, since uε is
moderate, for some N and sufficiently small ε we further have
|uε(zε)| ≤ ε
−N(1 + |zε|)
N ≤ ε−N(N
′+1). (5.19)
Putting eq. (5.16)–(5.19) together, we obtain for arbitrary p, m and sufficiently
small ε,
||uε(xε)| − ε
p| ≤ |uε(yε)− uε(xε)| (5.20)
≤ εm−N(2+N
′).
Hence ∀ l ≥ 0, |uε(xε)| = O(εl), (ε → 0). Hence we have proven that for all
x˜ ∈ Ω˜ we have u(x˜) = 0. According to Theorem 2.1 (ii), u = 0 in Gτ (Ω) and we
are done.
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Background Story and Outlook
This manuscript solves elementary questions raised by Michael Kunzinger (in
the context of generalized Variational Calculus) and Stevan Pilipovic. It was
written in winter 2006 and presented in Innsbruck some weeks later; since then,
pointwise characterizations in generalized function algebras have been advanced,
e.g., by Vernaeve [7] (cf. the proof of Proposition 3.4). The author has also con-
tributed to some further work by Pilipovic et al [6], which uses similar conditions
as Proposition 3.5 (3) in [7]. For related work by the author himself, cf. [2, 3, 4].
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